In a recent paper, Ottinger and Beris assert that the celebrated Doi-Edwards ͑DE͒ model for entangled polymer dynamics is incompatible with the so-called ''GENERIC'' form of nonequilibrium thermodynamics. Simply put, they claim that the DE model for tube dynamics is inconsistent with the principle of virtual work. I show that with the correct choice of effective Hamiltonian, namely the full tube configurational entropy, the DE stress tensor does in fact result from a virtual work argument.
I. INTRODUCTION
The Doi-Edwards ͑DE͒ model of polymer dynamics, built upon the insight of de Gennes that entangled chains can move diffusively along their own contours by reptation, has been quite successful. Among its successful predictions ͑Doi and Edwards, 1986͒ are scaling of stress relaxation time with the cube of the chain length, the existence and magnitude of the plateau in the dynamic modulus, the approximately single-exponential shape of the stress-relaxation function, and the phenomenon of shear thinning.
It was therefore quite disturbing when Ottinger and Beris ͑1999͒ ͑OB͒ claimed that the DE model was fundamentally flawed. Ottinger had in previous publications described those properties any proper near-equilibrium dynamical model should have, regardless of the particular physical system being considered ͑Grmela and Ottinger, 1997; Ottinger and Grmela, 1997͒. This so-called ''GENERIC'' formulation was in fact a restatement of approaches and results dating back to the 1970s ͑Forster, 1975; Kawasaki, 1976; Martin et al., 1972; Mori and Fujisaka, 1973͒ . The physical problems then under consideration included dynamical critical phenomena, in which nonlinear interactions between long-lived fluctuating modes of a system often led to changes in critical exponents from their mean-field values ͓for a review see ͑Hohenberg and Halperin, 1977͔͒.
More specifically, OB claimed that the advective dynamics of the DE model violated formal properties of the ''GENERIC'' formulation equivalent to reversibility. In other words, they claimed that the way that chains deformed under the DE dynamics, and the resulting changes in the free energy, were inconsistent with the DE expression for the stress tensor. This claim is equivalent to saying that the DE model violates the principle of virtual work, which is that the change in the free energy under a small ''virtual'' deformation is equal to the work done by the stress tensor under the same deformation.
OB put forward a modification of the DE model that they claimed would restore the health of the advective dynamics. Unfortunately, their modification ruined a fundamental normalization property of the DE order parameter ͑the tangent distribution function͒, as I shall show below.
This paper re-examines the DE model in light of the claims of Ottinger and Beris ͑1999͒, and demonstrates that the DE model does in fact have the features one expects a well-formulated dynamical model to have: there is an identifiable order parameter in terms of which an effective Hamiltonian can be written; the advective terms conserve energy; and the dissipative terms move the system towards a minimum in the effective Hamiltonian.
This paper is organized as follows. Section II reviews dynamical models and their basic properties, recalling work from the 1970s on dynamical critical phenomena that sharpened understanding of such models. The principle of virtual work and how it relates the advective dynamics and the stress tensor is described in Sec. III. The order parameter for the DE model is introduced in Sec. IV, and a new equation of motion is derived in Sec. V for this order parameter ͑from which the usual DE equation of motion for the tangent distribution function is derived͒. In Sec. VI, the required ''GENERIC'' properties of the new equation of motion are demonstrated. Section VII presents concluding remarks. Appendix A presents details for the derivation of the usual DE equation of motion.
II. DYNAMICAL MODELS AND ''GENERIC'' FORMULATION
The computational methods developed for treating problems in dynamical critical phenomena typically began with a nonlinear Langevin equation, which described the fluctuating dynamics of some long-lived degrees of freedom ͑Hohenberg and Halperin, 1977͒. These degrees of freedom were long lived at long wavelengths, either because of a conservation law that prevented local decay of fluctuations, or because of a broken symmetry that led to weak restoring forces for nearly uniform displacements.
As an example of slow dynamics due to a conservation law, energy conservation implies that long-wavelength temperature fluctuations in a liquid can only relax by heat transport over large distances. As an example of slow dynamics due to a broken symmetry, long-wavelength strains in a solid have weak restoring forces because a solid has broken translational symmetry. That is to say, a uniform translation takes the solid from one energetically equivalent state to another ͑the average positions of the atoms are changed by the translation͒. Thus a long-wavelength variation in the displacement gives a nearly uniform translation ͑a small strain͒, and hence a weak restoring force ͑Forster, 1975͒.
The formal structure of such models, echoed in the GENERIC formulation ͑Grmela and Ottinger, 1997; Ottinger and Grmela, 1997͒ , is as follows.
͑1͒ A set of degrees of freedom ͕ i ͖ is identified, consisting of conserved quantities and order parameters for the physical problem of interest.
͑2͒ An ''effective Hamiltonian'' H(͕ i ͖) is written, often in the form of a GinzburgLandau expansion in powers of the degrees of freedom and powers of gradients, consistent with the underlying symmetries of the physical system. ͑3͒ A ͑nonlinear͒ dynamical equation of motion for the ͕ i (t)͖ is written, of the form
The dynamics of the ͕ i ͖ are in response to generalized forces derived from the effective Hamiltonian, and fluctuating forces ͑the i ). The matrices M and L may depend on ͕ i ͖.
͑4͒
The Onsager coefficients L i j , which represent the dissipative or ''irreversible'' part of the dynamics, must be chosen such that their dynamical effect is to reduce the total effective energy ͑Onsager symmetry, L i j ϭ L ji for variables that are even under time reversal.͒ ͑5͒ The dynamical matrix M i j , which represents the ''reversible'' part of the dynamics, must be chosen such that their dynamical effect conserves the total effective energy ͑so that M i j ϭ ϪM ji for variables that are even under time reversal͒.
͑6͒
The noise sources ͕ i ͖ are chosen to be delta-correlated in time, with amplitudes such that the equilibrium ensemble P(
Obviously, some physical input is needed for a specific problem to select the order 
III. SPECIFYING THE DYNAMICS
In practice, for those problems commonly encountered in the field of dynamical critical phenomena, the order parameters are relatively self-evident, and the effective Hamiltonian is straightforwardly prescribed by the symmetries of the order parameters and the proximity of the critical point. What is less evident sometimes is the form of the dynamical matrix M.
As a specific example, consider so-called ''Model H,'' which describes the fluctuating hydrodynamics of an incompressible binary fluid mixture near its critical point ͑Siggia et al., 1976͒. The interesting degrees of freedom are the long-wavelength modes of the concentration , momentum density g, and energy density ⑀ ͑all conserved͒, with the concentration playing the role of the order parameter in the equilibrium theory of the critical point.
The tricky part of specifying the equations of motion for Model H is writing down the dynamical matrix M. The ''advective'' part of the dynamics is straightforward: the concentration has a term in its equation of motion
that arises from Galilean invariance ͑in a moving frame, a stationary nonuniform concentration field appears to change locally as it moves by͒.
Because the kinetic energy part of the effective Hamiltonian is simply (1/2)g 2 / ͑ the constant mass density͒, the above can be put in the ''canonical'' form ϭ ٌ
•(‫ץ‬H/‫ץ‬g) and the coupling ''M g '' thus identified.
What remains is to determine the form of the cross-coupling ''M g ,'' i.e., the contribution of the order parameter to the stress tensor ͑momentum conservation implies the equation of motion for g takes the form ġ ϭ ٌ•ϩnoise, where is the stress tensor͒. This is done by requiring that the two terms M g and M g together conserve H,
Using the known form of , the above two terms cancel if the momentum equation contains the correct forcing term,
Thus the force density (ٌ•) is determined by requiring energy conservation. ͑For specific forms of H, the above can be written as the divergence of a symmetric tensor, and the stress tensor so determined.͒ Assuming the usual Landau expansion for H at the critical point of H ϭ (1/2) (ٌ) 2 ϩ(1/4!) 4 ϩ¯, note that the lowest order term in Eq. ͑4͒ is second order in and third order in the gradient ͓the longitudinal term O(ٌ) is cancelled by the pressure for an incompressible fluid͔. This term would be difficult to write down on ''physical grounds,'' i.e., by some cartoon of how shear forces arise from nonuniform concentration fields.
Note further that the above argument is closely related to the principle of ''virtual work,'' which says that forces can be computed for a configuration by considering the change in the energy that would result from a ͑hypothetical or ''virtual''͒ small displacement away from that configuration. Here, the flow field itself generates the ''virtual displacement,'' which changes the ͑potential͒ energy. This change in the potential energy ͑here the effective Hamiltonian͒ gives rise to a force that accelerates the fluid, which changes the kinetic energy in such a way as to conserve the total energy.
IV. DOI-EDWARDS DYNAMICS
Now consider the application of the general formalism described above to the case of Doi-Edwards reptation dynamics ͑Doi and Edwards, 1986͒. It turns out that what is easy and obvious in Model H is subtle and difficult in the DE model, and vice versa.
Unlike in Model H, there is a ''direct route'' to writing down the stress tensor for entangled polymers, which comes from considering the force transmitted by chains crossing a unit area of a given plane.
Together with the notion that unstretched chains inside their tubes have a ''thermal tension'' F T ϭ 3T/a, without recourse to virtual work arguments one can derive
where c is the monomer concentration, and the angle brackets denote an average over the ensemble of unit vectors u i tangent to the tube. ͓The factor cL/N represents the ''arclength concentration'' (c/N chains per volume times L arclength per chain͒.͔ It is not so obvious what should be the order parameter for the DE model, in the sense of canonical Langevin equations described above. Roughly speaking, the tube configurations are ''nearly'' broken symmetry variables, in the sense that if the chains were infinitely long, the tubes would never be able to renew by reptation.
It is perhaps more obvious that the effective Hamiltonian for the DE model should be the entropy, since the dynamics of entangled chains is purely entropic. Hence whatever is taken as the order parameter, it should be sufficient to determine the entropy.
In the usual treatment of the DE model, the main goal is to compute the average stress tensor under various flow conditions. The stress tensor can be written in terms of the single-point tangent distribution function as
The single-point distribution function itself is defined as
in which the angle brackets denote an average over the ensemble of chain configurations u(s), or equivalently the random noise history that gave rise to those configurations. Hence a closed equation of motion for f (u,s) is usually all that is wanted. An equation of motion for f (u,s) is derived by first considering a Langevin equation describing the reptation of a single chain with tube configuration R(s) in a flow field of constant rate-of-strain tensor , which takes the form
Here is a random noise source describing the diffusion back and forth along the path, and v(s) is the ''tube velocity,'' to be described and determined below. Again unlike the case of Model H, the affine deformation of a tube of fixed arclength is not trivially determined by Galilean invariance. The dependent variable s should continue to denote the arclength along the curve R(s). If one keeps only the usual term for deforming a vector •R dt, points labeled by s and sϩds are no longer ds apart after the deformation.
To prevent this, one may ''relabel'' the points after each timestep. This may be thought of as moving the labels s, sϩds,... along the curve with a velocity v(s), so that the point along the curve with label s at time t has label sϪv(s)dt at time tϩdt.
The tube velocity v(s) is chosen to maintain dR/ds ϭ u(s) a unit vector. From Eq.
͑8͒ the equation of motion for u(s,t) becomes ͓expanding to O(dt)] u͑s,tϩdt͒ ϭ u͑sϩdt,t͒ϩdt͑•uϪ͑‫ץ/ץ‬s͒͑v͑s͒u͑s͒͒. ͑9͒
Requiring u to remain a unit vector means enforcing 0 ϭ u•du, which implies
Hence the rate of sliding of the labels along the tube contour is the local strain rate projected onto the tube tangent vector, which by symmetry vanishes at the center of the chain (s ϭ L/2). From the starting point of Eq. ͑9͒, DE derive a closed equation of motion for f (u,s), which takes the form
The above result can easily be shown to be equivalent to Eq. ͑7.243͒ of Doi and Edwards ͑1986͒.
V. EQUATION OF MOTION FOR DE ORDER PARAMETER
It would be convenient to take f (u,s) as the order parameter. Unfortunately, knowledge of f (u,s) is not sufficient to compute the entropy. If the tangent at different points along the tube were never correlated, the entropy per chain could be written as S ϭ Ϫ͐ds͐du/(4) f log f. If, on the other hand, the ensemble of chain configurations is such that tube tangent vectors at different points along the chain can be correlated, one must write the entropy per chain as
where ͐Du(s) denotes a path integral over all chain configurations u(s), and F͓u(s)͔ is the chain configuration distribution functional. (F͓u(s)͔ is normalized such that ͐Du(s)F͓u(s)͔ ϭ 1.) To see how tangents at different points along the tube might become correlated under flow, even if the tubes were a set of random walks initially, consider a shear flow v x ϭ ␥ y. Tube segments near the middle of the arclength may be aligned ͑along x ϩŷ ) so as to elongate in the shear flow, or aligned ͑along x Ϫŷ ) so as to contract in the flow. If the middle of a tube is aligned to elongate in the flow, tube segments near the end will tend to be destroyed as the chain within the tube contracts to maintain constant arclength. Thus the deformation history and hence the state of alignment of the tube segments nearer the ends are affected by the state of alignment of the segments near the middle.
Evidently F͓u(s)͔ is a much larger order parameter than f (u,s), which can be obtained by integrating F over all tubes subject to the constraint that the tangent at the single point s has the value u.
OB incorrectly assumed that f (u,s) was an appropriate order parameter, and as a result incorrectly concluded that the DE dynamical equation violated what amounts to the antisymmetry of M. As I remarked above, that condition is equivalent to saying that the advective dynamics and expression for the stress tensor are consistent with conservation of the effective Hamiltonian, or in other words that the principle of virtual work is satisfied.
Oddly, OB emphasizes the importance of verifying that the reversible part of the dynamics satisfies a Jacobi identity in addition to the aforementioned antisymmetry property. They claim that the Jacobi identity is far more restrictive of potential models. In fact, it is a basic result of classical mechanics that the Jacobi identity is a consequence of reversible dynamics, and has no additional physical content ͑Goldstein, 1980͒. The derivation is sketched in Appendix B. Thus, the Jacobi identity need not be verified independently for a model for which the dynamics have already been shown to be antisymmetric.
OB proposes a repair of the DE dynamical equation, which is to replace the next-tolast term in Eq. ͑11͒ as follows:
͑13͒
However, this modification is unacceptable because it spoils a fundamental normalization property of f (u,s) evident from its definition Eq. ͑7͒, namely that ͐du f (u,s) is independent of s. In words, every point s has one tangent, and it points somewhere. It is easy to show that Eq. ͑11͒ preserves this normalization ͓integrate both sides over all u, use the normalization and Eq. ͑10͔͒.
If this suggested modification is adopted, only a much weaker normalization holds, namely that ͐ds͐du f (u,s) is time-independent. So if the objection raised in Ottinger and Grmela ͑1997͒ about the DE model were valid, the suggested change would not solve the problem.
In Now the equation of motion for F͓u(s)͔, Eq. ͑20͒, looks just like a Smoluchowski equation should look. Points in a rather large-dimensional phase space move around with a velocity V͓s;u(s)͔. Phase space density is evidently conserved. Finally, reptative diffusion of chains gives rise to motion of phase space density along the trajectories through phase space by which one tube configuration reptates into another. The result is almost natural enough to write down without deriving.
To verify directly that the phase space density is conserved, one may integrate over all paths ͐Du ( 
͑25͒
Simply apply this same operator to the Smoluchowski equation; after some algebra, Eq. ͑11͒ results. Some details are given in Appendix A.
VI. ''HEALTH CHECK'' FOR DE DYNAMICS
With the equation of motion for F͓u(s)͔ in hand, we can now demonstrate the main results of this paper; namely, that the dissipative terms lead to a decrease in the effective Hamiltonian, and the advective terms are consistent with the principle of virtual work. This result is familiar from classical mechanics: the ͑functional͒ divergence of the phase space velocity functional V͓u(s)͔, averaged over the phase space distribution functional F͓u(s)͔, gives the rate of change of the system entropy. A similar expression holds for any system governed by classical dynamics. If ͑as in a classical Hamiltonian system͒ the phase space velocity were divergenceless, there would be no change in the entropy ͑assuming one was able to follow the dynamics precisely enough͒.
In the present case of entangled polymers, that the phase space velocity is not divergenceless. Instead, under the action of the flow field, the advective terms act to reduce the phase space volume occupied by a set of tube configurations, and thus to reduce the entropy. It is now shown that this reduction in entropy is exactly what is required to give rise to the stress expected upon deforming a set of tube configurations, i.e., that the virtual work argument is valid.
Consider a thin bundle of phase space containing a given tube configuration u(s); to make the volume nonzero, a small ''uncertainty'' is assigned to each tangent vector along the tube, corresponding to a small patch of solid angle ⍀(u(s)) containing each unit vector u(s). ͑See Fig. 1 .͒ Under the action of the advective terms, these patches of solid angle are advected somewhere else on the unit sphere ͑the tangent vector remains a unit vector͒. A small deformation may move the center of the patch ͑tangent direction͒, and may also change the area of the patch. The sum ͑integral͒ over all the points along the tube of the change in patch area induced by a small deformation is exactly ͐dsЈ͓␦/␦u(sЈ)͔•V͓sЈ;u(s)͔, which we now compute.
Rewrite the advective terms of the tube equation of motion Eq. ͑9͒ as
u͑s,tϩdt͒ ϭ¯ϩdt͑•uϪu͑u••u͒͒Ϫdt v͑s͒ ‫ץ‬u͑s͒ ‫ץ‬s ͑29͒
in which the right-hand side is recognizable as simply dt V͓u(s)͔ with its two terms ͓see Eq. ͑21͔͒. If the first term only is retained, one would have the so-called ''independent alignment approximation'' ͑IAA͒ ͓see Chap. 7 of Doi and Edwards ͑1986͔͒. The advective dynamics of the IAA are such that each tube tangent vector is advected and independently renormalized to unit length, but no relabeling of the tube coordinate s occurs. If the IAA term only is retained, the change in area of each patch is uncorrelated with the change in area of other patches. Then the ''two-dimensional divergence'' ٌ Ќ •V(u) of the rate of change of the tangent, where ٌ Ќ ϭ ٌ u Ϫu(u•ٌ u ), computes the rate of change of the area of the patch around u.
Elementary calculations ͓using the definition of V(u), and the fact that (u•ٌ)g(u) ϭ ng(u) for g(u) a homogeneous function of u of degree n͔ then give
Evidently, the rate of change of the patch area is negative definite; the flow tends to decrease the phase-space volume around each tangent vector, thus decreasing the entropy. Now consider the full action of V͓s;u(s)͔ on the thin bundle of tube configurations around a given configuration u(s). As a result of the action of the v(s) ''relabeling'' term, the evolution of the patch areas for different s are coupled. Hence compute the change in the integral over the entire tube of the patch areas, The factor of 1/a arises from the short-distance cutoff, as the right-hand side in Eq. ͑31͒ can be thought of as really being a sum over the patch areas of L/a ϭ N/N e independent tangent variables. One may think of the advection of the tube tangents as occurring in two steps during each dt; first, deformation and renormalization as in IAA, followed by a relabeling of points along the tube. During the relabeling, the areas of the patches around each u(s) remain the same, but the size of the increments ds change. Also, a portion of the original tube is destroyed by chain retraction, as the constraint of fixed total tube length is imposed.
Hence,
where the old arclength coordinate (sЈ) is written in terms of the new one ͑s͒ as sЈ(s) ϭ sϪv(s)dt, and u IAA denotes the tangent vector advecting under the action of V(u) alone. From Eq. ͑30͒ for the rate of change of the patch area under IAA dynamics, it is clear that
͑33͒ The effect of retraction is evident in the reduced range ͑␣,͒ of the old arclength coordinate that survives the time interval dt. The retraction rate is simply the tube velocity v(s) at the ends of the chain, so
Expanding Eq. ͑32͒ to O(dt) using Eqs. ͑32͒, ͑33͒, ͑34͒, ͑10͒, and the definition of sЈ(s), after some algebra, we find
Remarkably, this is the same result as for the independent alignment approximation ͑IAA͒, Eq. ͑33͒; the effects of ds/dsЈ and the retraction ͑giving rise to ␣ Ͼ 0 and Ͻ L) conspire to cancel. So for both the IAA and full DE model, if one considers a thin bundle around a single tube configuration with an initially uniform value of d⍀(u(s)) ϭ d⍀ and advect it for a short time dt, the change in the effective Hamiltonian ͑tube configurational entropy͒ is, using Eqs. ͑35͒, ͑28͒, and ͑31͒, ‫ץ‬S ‫ץ‬t ϭ Ϫ ͵ Du͑s͒F͓u͑s͔͒ ͵ dsЈ͑3u͑sЈ͒••u͑sЈ͒͒ ϭ Ϫ3L:͗uu͘.
͑36͒
Comparing this result to Eq. ͑5͒ for the stress tensor of an entangled polymer system, the rate of change of the effective Hamiltonian density H ϭ ϪTSc/N is exactly given by :-which is the expected result from virtual work arguments. ͑If we had written the kinetic plus potential energy, the time rate of change of the kinetic energy would be Ϫ:, hence the total energy would be invariant under the action of the advective terms.͒
VII. CONCLUSIONS
Ottinger and Beris ͑1999͒ claimed that the Doi-Edwards model was pathological, in that the nontrivial advective dynamics of entangled chains were inconsistent with the stress tensor for entangled polymers and the principle of virtual work. If this were true, there would be in principle reversible flows that would increase the free energy indefinitely if repeated-not a healthy property for a dynamical model to have. This paper shows that the Doi-Edwards model does in fact qualify as a proper dynamical model. In so doing, we have identified the proper order parameter for the DE model as the probability distribution functional of the tube configuration F͓u(s)͔, and the effective Hamiltonian as the configurational entropy, written as a path integral ͐Du F log F. More restricted order parameters such as the single-point tangent distribution function f (u,s), while sufficient to express the stress tensor, are insufficient to compute the entropy for ensembles in which the tangents at different points along the tube are correlated.
From the Langevin equation written by DE ͑describing reptative dynamics of a single chain under the action of Brownian forces, advection by the flow, entrapment within its tube, and retraction to maintain constant length͒, we have derived a Smoluchowki-type equation for the full DE order parameter, from which the usual DE dynamical equation for the tube tangent distribution f (u,s) can be derived.
Finally, it is shown that this Smoluchowski equation has the key properties required of a dynamical equation: in particular, its advective dynamics conserves the total energy ͑which is to say, the principle of virtual work is satisfied͒, and the dissipative terms drive the system to a minimum in the effective Hamiltonian ͑here, towards maximum entropy͒.
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APPENDIX A: EQUATION OF MOTION FOR f"u,s…
In this Appendix we derive the equation of motion Eq. ͑11͒ for the DE tube tangent distribution function f (u,s) from Eq. ͑19͒ for the full configuration distribution functional F͓u(s)͔.
Apply the operator ͐Du(sЈ)␦(u(s)Ϫu) to both sides of Eq. ͑19͒. Using the definition of f (u,s) Eq. ͑25͒, the left-hand side is immediately recognizable as ‫ץ‬ f /‫ץ‬t.
In the first term on the right-hand side, separate ͑A6͒ Now use Eq. ͑10͒ to replace ‫ץ‬v͓s;u(s)͔/‫ץ‬s with u(s) ••u(s) in the second term above, which can be written as u••u because of the delta function.
In the first term of Eq. ͑A6͒, I make the approximation that the average of the tube velocity functional v͓s;u(s)͔ can be split, as Essentially I am assuming here that the average over all paths ͑weighted by the configuration distribution F͓u(s)͔) of v͓u(s)͔, which gives the average tube velocity v(s), is uncorrelated with the average over all paths with a given tangent at s, which gives f (u,s). This is a good approximation, because the tube velocity v(s) depends on the entire tube configuration from the tube center up to s, and is only mildly affected by the direction of the tube tangent at s itself.
With this approximation ͓which is in fact made by DE in their derivation of Eq. ͑11͔͒, the full first term takes the form Repeat the same manipulations with the s 2 variables to obtain ͓after using Eq. ͑25͔͒ the second term as D(‫ץ‬ 2 f /‫ץ‬s 2 ). Combining this result with Eq. ͑A7͒, I obtain the righthand side of Eq. ͑11͒.
APPENDIX B: JACOBI IDENTITY
The Jacobi identity is expressed in terms of the reversible dynamical matrix M as follows: define a ''Poisson bracket'' ͕A, B͖ by ͕A,B͖ ϭ ‫ץ‬A
Here the Poisson bracket is a bilinear operator acting on any two functions ͑denoted A and B above͒ of the order parameter͑s͒ ͕ i ͖.
Readers familiar with classical mechanics will recall the formal role of Poisson bracket operators there. In the present context, the essential thing about Poisson brackets is that they are required to be antisymmetric operators, so that ͕A,B͖ ϭ Ϫ͕B,A͖ ͑B2͒ for any two functions A and B. This property is evidently guaranteed if the matrix M is an antisymmetric matrix, which antisymmetry is required for the reversible terms to conserve the total energy
In Poisson-bracket notation, the Jacobi identity is written as 0 ϭ ͕A,͕B,C͖͖ϩ͕B,͕C,A͖͖ϩ͕C,͕A,B͖͖.
͑B3͒
Equation ͑B3͒ may be verified straightforwardly by using Eq. ͑B1͒ and the exchange of partial derivatives ‫ץ‬ 2 A/(‫ץ‬ i ‫ץ‬ j ) ϭ ‫ץ‬ 2 A/(‫ץ‬ j ‫ץ‬ i ).
